We provide two 1-parameter families of indecomposable entanglement witnesses in C 4 ⊗ C 4 . Following recent paper by Ha and Kye [Phys. Rev. A 84, 024302 (2011)] we show that these EWs are optimal and hence provide the strongest tool in entanglement theory to discriminate between separable and entangled states. As a byproduct we show that these EWs detect quantum entanglement within a family of generalized Horodecki states.
The most general approach to discriminate between separable and entangled states of a quantum composite system living in H A ⊗ H B is based on the notion of positive maps or equivalently entanglement witnesses (EWs) [1] [2] [3] Unfortunately, in spite of the considerable effort (see e.g. [5] - [24] ), the structure of indecomposable positive maps (equivalently, indecomposable entanglement witnesses) is rather poorly understood.
In a recent paper [22] Ha and Kye proved the ndoptimality of 1-parameter family of maps defined as follows: for a, b, c ≥ 0 we define a map Φ[a, b, c] :
where x ij are matrix elements of X ∈ M 3 , and
with A ij being the matrix elements of the following circulant doubly stochastic matrix
It is well known that Φ[a, b, c] is a positive map in M 3 if and only if
Moreover, Φ[a, b, c] is positive but not completely positive if in addition to (1) one has a < 2. In this case the corresponding entanglement witness reads as follows
In a recent paper [23] we analyzed a subclass defined by
Note, that the corresponding W [a, b, c] is decomposable if and only if b = c. Ha and Kye [22] proved the following
The aim of the present paper is to generalize this result for maps in M 4 . Therefore, for a, b, c, d ≥ 0 satisfying 
Class II 
where we add modulo 4. It turns out [24] Proof: let us recall [4] that to prove optimality of W living in H A ⊗ H B it is sufficient to construct a family of product vectors ψ ⊗ φ ∈ H A ⊗ H B satisfying ψ ⊗ φ|W |ψ ⊗ φ = 0 such that vectors ψ ⊗ φ span H A ⊗ H B . We consider separately both classes. 1) Class I together with a < 1: let
Note that for a < 1 one has b > 0 and hence the formula for t is well defined. Let us define the following 16 vectors ψ k ⊗ ϕ k : for k = 1, . . . , 4
with random phases λ kl . Moreover
Finally, the remaining 4 vectors reads as follows
Assuming (5) one easily proves that for k = 1, . . . , 16
and that both sets of vectors {ψ k ⊗ϕ k } and {ψ k ⊗ϕ * k } span C 4 ⊗ C 4 . 2) Class II together with a > 0: let us define the following 16 vectors χ k ⊗ φ k : for k = 1, . . . , 5
with random phases ν kl . Moreover
together with the remaining 3 vectors
where
and t is defined in (7) . Note that for a, b, c, d satisfying (6) one has b > 0 and hence both t and t 2 are well defined. Assuming (6) one easily proves that for k = 1, . . . , 16
and that both sets of vectors {χ k ⊗φ k } and {χ k ⊗φ * 
where P 
α is PPT entangled iff α ∈ [1, 3) ∪ (7, 9] . Again, simple calculation shows that for any such α one can always find a, b, c, d satisfying (5) or (6) such that Tr(ρ (4) α W [a, b, c, d]) < 0.
In conclusion, we proved that two classes of EWs described by (5) and (6) (6) hold. As a byproduct we show that these EWs detect quantum entanglement within a family of generalized Horodecki states.
